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Abstract 
Chung et al. (1978) have proved that the number of Baxter permutations on [n] is 
("r+1) u+I u+I  \ r+l  } \ r+2] 
=0 (n;') 
Viennot (1981) has then given a combinatorial proof of this formula, showing this sum cor- 
responds to the distribution of these permutations according to their number of rises. 
Coil et al. (1986), by making a correspondence b tween two families of planar maps, have 
shown that the number of alternating Baxter permutations on [2n + 6] is c,+ac, where c, = (2n)!/ 
(n + 1)!n! is the nth Catalan number. 
In this paper, we establish a new one-to-one correspondence b tween Baxter permutations and 
three non-intersecting paths, which unifies Viennot (1981 ) and Cori et al. (1986). Moreover, we 
obtain more precise results for the enumeration of (alternating or not) Baxter permutations ac- 
cording to various parameters. So, we give a combinatorial interpretation of Mallows's formula 
(1979). 
R~sum6 
Chung et al. (1978) ont montr6 que le nombre de permutations de Baxter sur [n] est 
\m+l]  kin+2] 
m:0 (n~l)  (n~l)  
Viennot (1981) a donn~ ensuite une preuve combinatoire de cette formule, montrant que cette 
somme correspondait h la distribution de ces permutations suivant leur nombre de montres. 
Coil et al. (1986), en mettant en correspondance deux familles de cartes planaires, ont montr6 
que le nombre de permutations de Baxter alternantes ur [2n + 6] est c,+ac, off c, =(2n)! /  
(n + 1)!n! est le nrme nombre de Catalan. 
Dans cet article, nous prrsentons une nouvelle correspondance entre permutations de Baxter 
et triplets de chemins deux h deux disjoints, unifiant ainsi les travaux Viennot (1981) and 
Cori et al. (1986). De plus, ceci nous permet d'affiner les rrsultats connus en obtenant des 
formules 6numrrant lespermutations (alternantes ou non) de Baxter suivant plusieurs param~tres. 
Nous donnons ainsi une interpr&ation combinatoire d'une formule due g Mallows (1979). 
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O. Introduction 
Baxter [1] showed up a particular class of permutations by studying fixed points 
of the composite of commuting functions. These permutations, called Baxter permuta- 
tions, can be defined by forbidden subsequences. In fact, these permutations verify the 
following two conditions: for all 1 ~< i < j  < k < l ~< n, 
if/17 i + 1 = ~l and nj > ~t then nk > ~t, 
if ~t + 1 = 7~ i and nk > 7~i then 7/'j > Tg i. 
For example, 2413 and 3142 are the only permutations on [4] = {1,2,3,4} elements 
which are not Baxter permutations. 
Chung et al. [2] have analytically showed that the number of Baxter permutations 
on [n] is given by formula 
n--I (n+l ] (n+l ]{n+l  
x r / k r+ l / \ r+2)  
Z n+l n+l (2) ( , )  r=O 
Later, Mallows [10] has given a more precise interpretation f this result by proving 
that this sum corresponds to the distribution of Baxter permutations according to the 
number of rises (indices i such that ~i <~i+l ). Moreover, he gives a new formula for 
these permutations where r (the number of rises) is the only parameter which have a 
simple interpretation 
Z r=0 s=l i=l + n(n + 1) 
: - r  r -1  ( :  -11) - ; -1 ) ] "  
Viennot [12] has given a combinatorial proof of the formula obtained by 
Chung et al. [2] by establishing a one-to-one correspondence b tween Baxter per- 
mutations and some column-strict Young tableaux for which a formula is known. 
This correspondence is based on some classical bijections such as between permuta- 
tions and Laguerre history, then between two-colored Motzkin words and parallelogram 
polyominoes [4], and finally between on-intersecting paths and column-strict Young 
tableaux [7]. 
Moreover, Cori et al. [3], by solving a question asked by Mullin [11] about enu- 
meration of some planar maps, have established a one-to-one correspondence b tween 
the language shuffle of two well-formed parenthesis ystems (or Dyck words) and 
pairs of binary trees. Alternating (rises and descents come in turn) Baxter permu- 
tations appear among the various objects exhibited by this correspondence. So, they 
deduce of this work that the number of such permutations i c, cn and C,+lC, where 
cn = (2n)!/(n + 1)ln! is the nth Catalan number. 
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The purpose of this paper consists in a combinatorial proof unifying the results of 
Viennot [12] on Baxter permutations [12] and those of Cori et al. [3] on alternating 
Baxter permutations [3]. We also give a combinatorial interpretation of Mallows's 
formula [10]. 
Dulucq and Guibert [5] have recently solved two Gire's conjectures [8] about enu- 
meration of stack words (related to two-stack sortable permutations problem [13]); 
these objects are in correspondence with some rectangular Young tableaux of height 3. 
By solving one of these two problems, they exhibit a correspondence b tween Baxter 
permutations and twin binary trees. These trees are obtained from the increasing and 
decreasing binary trees associated to a permutation by forgetting the labelling of the 
trees. This surjective mapping is also bijective for Baxter permutations. For example, 
the permutations 2413 and 3412 give the same pair of twin binary trees; however, 
only 3412 is a Baxter permutation (it is the same for the permutations 3142 and 2143 
where only 2143 is a Baxter permutation). 
Starting with this characterization f Baxter permutations by twin binary trees [5], 
we give a correspondence b tween Baxter permutations and three non-intersecting paths 
in an eighth of plane (these paths correspond to twin parallelogram polyominoes); we 
so find the paths considered by Viennot [12] which allows to conclude. Moreover, in 
the different bijections considered here, some parameters are preserved, which is not 
the case in the combinatorial proof of Viennot. 
So, we deduce from the papers of Gessel and Viennot [7] a 3 × 3 binomial deter- 
minant giving the number of Baxter permutations on [n] according to five parameters. 
On special cases, we find again the formulae of Chung et al. [2] and Mallows [10] for 
which we show the parameters , i and s correspond exactly to the numbers of rises, 
left-to-right minima and left-to-right maxima for Baxter permutations. 
Moreover, in our bijection between Baxter permutations and twin binary trees, the 
alternating condition corresponds to twin complete binary trees, and the term 'twin' is 
superfluous because two complete trees are always twin. So the number of altemating 
Baxter permutations on [2n +6]  (6=0 or 1) is Cn+3C n where cn=(2n) ! / (n  + 1)!n! is 
the nth Catalan number. Finally, we precise this result. 
1. The main results 
First of all, we recall definitions for some parameters on permutations of Sn. 
• For i E [n -  1], the index i is called a rise of 7z if and only if ~(i)<~z(i + l). 
• For i E [n], the element ~(i) is called a 
left-to-right minimum if and only if ~(i)< ~z(j) for all 1 ~<j <i, 
left-to-right maximum if and only if ~(i) > ~z(j) for all 1 ~<j < i. 
A permutation ~ of Sn is alternating if and only if for all i E [ ~n/2J ], ~(2 i -  1 ) < ~(2i) > 
~z(2i ÷ 1). 
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Definition 1. A permutation ~ of Sn is a Baxter permutation if and only if, for all 
integer p E [n - 1], ~ can be uniquely factorized by 
< > < St/ 7~=n~.p .n .~.p+l .n"  or rc=n ' .p+l .n . l z .p .  , 
< > 
where all the letters of rc [resp. re] are lower than p [resp. greater than p + 1]. 
Let Baxtern be the set of Baxter permutations on [n] = {1,2 . . . . .  n}. 
Example. The permutation 4236571 belongs to Baxter7. For example, for p=4 we 
have ~z=23 and ~=6,  and for p=l  we have ~=3657 and ~z=0. 
In this paper, we give a combinatorial proof of the following formula due to Mallows 
[10] who does not give a simple interpretation (in terms of classical parameters on 
permutations) for i and s. 
Theorem 1. The number of Baxter permutations on [n] having r rises, i left-to-right 
minima and s left-to-right maxima is 
(~+i )  si [ ( : - s -1 ) (n - i -1 )  (n -s -1 ) (n - i -1 ) l  
+ n(n~- I) r - 2 r - 1 - r 1 r " 
In fact, our result is more precise and we obtain the distribution of Baxter permu- 
tations according to two additional parameters. 
Moreover, the proof of Theorem 1 allows to precise a result due to Cod et al. [3] 
obtained by solving a problem of Mullin [ 11 ] about enumeration of some planar maps. 
Theorem 2. The number of alternating Baxter permutations on [2n + 6] where 
E {0, 1 } having i left-to-rioht minima and s left-to-right maxima is 
i (2(n +6) - - i -1 )s - -1  (2n~s)  
n+-6- i  n+6 n - - s+ l  " 
2. The correspondence between Baxter permutations and three non-intersecting 
paths 
This correspondence b tween Baxter permutations and three non-intersecting paths 
consists in composing two bijections. The first one joins Baxter permutations and twin 
binary trees [5], the second one joins twin binary trees and three non-intersecting paths. 
2.1. The bijection between Baxter permutations and twin binary trees 
We briefly recall a bijection of Dulucq and Guibert [5] between Baxter permutations 
and twin binary trees. 
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Fig. 1. Twin binary trees. 
Let Tree. be the set of binary trees having n vertices and Pz,~ the language of 
well-formed parenthesis ystems (or Dyck words) defined on the alphabet {z,~}. The 
number of words of length 2n in Pz, r and the number of binary trees in Tree. are given 
by the nth Catalan number c. = (2n)!/(n + 1)!n!. 
The classical coding of a binary tree t by a word of Pz,~ can be recursively defined 
in the following way: 
code(t) = z code(left_subtree(t)) 2 code(right_subtree(t)) 
code(0) = e (the empty word) where 0 is the binary tree of Tree0 
Definition 2. The set of twin binary trees Twin. C_ Tree. x Tree. is the set 
Twin. = {(a l ,  a2): al, a2 C Tree. and O(code(al )) = OC(code(a2))}, 
where O consists in labelling left [resp. right] leaves of a binary tree (which is com- 
pleted) by the letter 0 [resp. 1] except the two extreme leaves and O c is identical 
to O except that letters 0 and 1 are swapped. 
More formally, O is a surjective mapping from Pz,~ to {0, 1}* defined by O(zt2wt+2 
w/+3--' w2.) = O(~wl+2)O(wt+2wl+3)... O(w2.-1w2.) with O(zz) = O(~z) = e, 
O(z~)=0, 0(22)= 1. 
Example. Fig. 1 shows twin binary trees. 
Theorem 3 (Dulucq and Guibert [5]). There is a bijection between Baxter permuta- 
tions on [n] and tw& binary trees of Twinn. 
Moreover, to a Baxter permutation having r rises, i left-to-right minima and s 
left-to-right maxima corresponds a pair of twin binary trees such that the first one 
has r right edges and its left branch has i vertices whereas the left branch of the 
second one has s vertices. 
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Fig. 2. A Baxter permutation, its increasing and decreasing binary trees, and the corresponding twin binary 
trees. 
Proof. We only recall the construction of the correspondence, the proof of this result 
is detailed in [5]. 
The twin binary trees are obtained by considering the increasing and decreasing 
binary trees in bijection with a given Baxter permutation, without labelling. 
The inverse bijection consists in an algorithm which constructs the increasing 
labelling of the first of the twin binary trees. [] 
Fig. 2 shows this bijection. 
Remark. With this construction, atany permutation of Sn correspond a pair of twin bi- 
nary trees. Baxter permutations are permutations for which this construction is bijective 
(which is another way to define them). 
2.2. The bijection between twin binary trees and three non-intersecting paths 
This bijection between twin binary trees and three non-intersecting paths consists 
essentially in characterizing the twin property on the two parallelogram polyomi- 
noes obtained from the two binary trees by the bijection of Delest and 
Viennot [4]. 
Definition 3. Let NIPathsn be the set of three non-intersecting paths going, respectively, 
from the 3 points (O,n-1) , (1 ,n) , (2 ,n+l)  to the 3 points ( r , r ) , ( r+ l , r+ l ) , ( r+2,  r+2) 
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Fig. 3. Three non-intersecting paths. 
using only East and North steps where r covers [0, n - 1] (with the convention that 
the second coordinate increases from top to bottom). 
Example. Fig. 3 shows three non-intersecting paths with n = 7 and r = 3. 
Theorem 4. There is a bijection between twin binary trees of Twinn and three non- 
intersecting paths of NIPathsn. 
Moreover, twin binary trees such that the first binary tree has r right edges and 
its left branch has i vertices whereas the left branch of the second tree has s vertices 
corresponding to three non-intersecting paths going, respectively, from the 3 points 
(1,n - i),(1,n),(s + 1,n) to the 3 points (r,r),(r + 1,r + 1),(r + 2,r + 2) using only 
East and North steps. 
Lemma 1 (Delest and Viennot [4]). There is a bijection between binary trees with 
n vertices, r right edges and for which the left branch has l vertices, and pairs of 
non-intersecting paths going, respectively, from the 2 points (O,n-  1),(1,n) to the 
2 points (r, r), (r + 1, r + 1) using only East and North steps, where the upper path 
starts exactly by l -  1 North steps. 
Proof. The bijection [4] between Dyck words (or binary trees) and parallelogram 
polyominoes consists in associating to Dyck paths two integer sequences uniquely 
determined by the heights of the peaks and troughs of the Dyck path. The two 
integer sequences give, respectively, the heights of each column of the parallelo- 
gram polyomino and the number of common cells for two consecutive 
columns. 





Fig. 4. A complete binary tree and the corresponding two non-intersecting paths. 
In fact, this bijection can be explained differently in the following way, which will 
be useful later. 
Indeed, this correspondence is equivalent o travel in prefix order the completed 
binary tree and to code, respectively, the internal edges and the leaves. The first path 
is obtained by coding the internal left [resp. right] edges by a North [resp. East] step; 
the second path is obtained by coding the left [resp. right] leaves (except the two 
extreme ones) by an East [resp. North] step. [] 
Fig. 4 shows this bijection. 
Proof of Theorem 4 (see Fig. 5). According to Lemma 1, twin binary trees corresponds 
to a pair of two non-intersecting paths (or two parallelogram polyominoes). According 
to twin property of two binary trees and according to the correspondence between 
binary trees and two non-intersecting paths (proof of Lemma 1), the second paths 
of the two pairs of paths are complementary. A diagonal symmetry for the second 
two non-intersecting paths allows to glue the two pairs of paths. So, we obtain three 
non-intersecting paths. 
This construction is clearly reversible. [] 
Fig. 5 shows this bijection. 
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Fig. 5. From twin binary trees to three non-intersecting paths. 
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2.3. Enumeration of Baxter permutations 
Proof of Theorem 1. The number of Baxter permutations on [n] having r rises, 
i left-to-right minima and s left-to-right maxima is given by 
(r--,) \r--s--,J 
(";') (";'--7) 
, - l - i ]  ,- I  ( , - l -s )  
~+, , (~+,) , r -s+, ,  
Indeed, Baxter permutations correspond to three non-intersecting paths going respec- 
tively, from the 3 points (1 ,n -  i),(1,n),(s+ 1,n) to the 3 points (r,r),(r+ 1, r+ 1), 
(r 4-2,r  4- 2). Now, by an identical proof to the one described in the paper of 
Gessel and Viennot [7] (the same involution allows to obtain the same result 
although there is not a minor of a matrix of binomial coefficients), we show that 
the number of such paths is given by this determinant. So, we deduce the formula of 
Theorem 1 (Mallows's formula [10]). [] 
Our correspondence allows to obtain the result of Chung et al. [2], proved combi- 
natorially by Viennot [12]. 
Corollary 1 (Chung et al. [2] and Viennot [12]). The number of Baxter permuta- 
tions on [n] with r rises is 
(.+1~.+1 (.+1 
] \ r+ l ) \ r+2]  
n+l (n+l , )  ) \ 2 
Proof. These permutations correspond to three non-intersecting paths going, respec- 
tively, from the 3 points (0, n -  1),(1,n),(2,n + 1) to the 3 points (r,r),(r+ 1, r+ 1), 
(r +2, r + 2). Now, the number of such paths is given by the determinant [7, 12], which 
is a minor of a binomial matrix [7]. 
(nT , )  n--I n--i 
n--I n--I n--1 (r+,) ( r )  (r-l) [] 
n--1 n--1 n--I ( r )  (r+,) (r+2) 
In fact, a more precise enumeration for Baxter permutations can be obtained by 
considering two more parameters. 
Definition 4. Given a permutation  of S,, let us consider the following parameters: 
• rd(n) E [n] is the number of rises of n(i)n(i + 1)... n(n), where i = max{j: 3k 1> 2, 
n( j )<n( j+k)<n( j+ 1)<n( j+2)<. . .<n( j+k-  1)} with n (0)=- I  and 
n(n + 1)=0.  
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Fig. 6. The six parameters considered on three non-intersecting paths. 
• dd(n)E [n] is the number of descents of n(i)n( i+ 1). . .  n(n), where i = max{j:  3k >~2, 
n( j )>n( j  + k )>n( j  + 1)>n( j  + 2)> . . .  >n( j  + k - 1)} with n (0)=n + 2 and 
n(n + 1)=n + 1. 
Theorem 5. The number of  Baxter permutations n on In] having r rises, i left-to-right 
minima, s left-to-right maxima, p = rd(n) and q = dd(n) is given by the determinant 
n- - l - - i - -p ]  (n - - l - -p ]  (n - - l - - s - -p ]  
r - -p  J ~ r - -p  ~ ~ r - - s - -p  i 
. -1 - ; )  .-1 (.-l-s] 
r ,  ( r )  , r - s J  
( . - ,< i -q )  , 
Proof. A careful reading of the correspondences of Theorems 3 and 4 allows to es- 
tablish that these two parameters are effectively preserved in the three non-intersecting 
paths. [] 
Definition 5. Let 6 a permutation on [n] and t a binary tree. 
We denote 6" the permutation mirror of  6 defined by 6"(0  = 6(n + 1 - i) and 6 c 
the permutation complement of  6 defined by 6c(i) = n + 1 - 6(0. 
The mirror t* of  t is the binary tree obtained by swapping the left and the right 
subtrees of each vertex. 
Proposition 1. Let ~'Baxter, - -~ Twin, the correspondence defined previously. Sup- 
pose that 6 is a Baxter permutation such that ~b(6)= (tl,t2). 
Then, ~b(6*) = (t~,t~) and ~b(o -c) = (t2, tl). 
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Proof. First, note that if n belongs to Baxtern then n* and n c also belong to Baxtern. 
The fact that the increasing [resp. decreasing] binary tree of any permutation a is 
exactly the mirror of the increasing [resp. decreasing] binary tree of a* allows to 
conclude the first part of the proposition. 
Moreover, it is clear that the increasing and decreasing binary tree of any permutation 
tr are swapped when we consider the permutation a c. [] 
Finally, our correspondence simply traducts the alternating property for Baxter 
permutations. 
3. Alternating Baxter permutations 
Our correspondence allows to obtain the result of Cori et al. [3]. 
Theorem 6 (Cori et al. [3]). The number of  alternating Baxter permutations on 
[2n + 6] where ~ E {0, 1 } is 
Cn+g Cn~ 
where Cn = (2n)!/(n + 1)In!. 
Proof. First, recall that an alternating Baxter permutation is in correspondence with 
a quasi-complete increasing (or decreasing) binary tree. In particular, an alternating 
Baxter permutation on [2n] corresponds to a complete increasing [resp. decreasing] 
binary tree without the extreme left [resp. right] leaf whereas an alternating Baxter 
permutation on [2n + 1] corresponds to a complete increasing binary tree without he 
extreme (left and right) leaves and to a complete decreasing binary tree. 
Moreover, a pair of quasi-complete binary trees of this type is a pair of twin binary 
trees. Indeed, the completion of these quasi-complete binary trees consists in adding at 
each leaf (and only at leaves) a left and a right son (see the first part of Fig. 7). Thus, 
alternating Baxter permutations are in correspondence with pairs of complete binary 
trees. So, we deduce the announced result. [] 
Fig. 7 shows this correspondence as far as three non-intersecting paths (although 
it is not necessary for the above result) in order to see that the second path has a 
staircase shape. So, we simply retrieve the two Dyck words coding the increasing and 
decreasing binary trees associated to alternating Baxter permutation. 
Proof of Theorem 2. This result is similar to Theorem 1. Indeed, alternating Baxter 
permutations on [2n + 3] having i left-to-right minima and s left-to-right maxima cor- 
respond to two Dyck words starting by exactly i and s -  1 letters z (or two twin binary 
trees where the left branches have respectively i and s -  1 vertices). These objects are 
enumerated by 'ballot numbers' [9]. So, we deduce the result. [] 
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Fig. 7. From an alternating Baxter permutation to a pair of Dyck paths. 
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Theorem 7. The number o f  alternating Baxter permutations n on [2n + 3] having i 
left-to-right minima, s left-to-right maxima, p =rd(n)  and q = dd(n)  is 
s 9 
Proof .  This result is a direct consequence o f  Theorem 5 for a l ternat ing Baxter  permu-  
tations. The formula is deduced f rom Dyck  paths enumerated accord ing to the initial 
and final heights. []  
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